Recently, a convergent series employing a non-Gaussian initial approximation was constructed and shown to be an effective computational tool for the finite size lattice models with a polynomial interaction. Here we numerically examine the applicability of the convergent series method to models defined on infinite lattices. The comparison of the convergent series computations and the infinite lattice extrapolations of the Monte Carlo simulations reveals an agreement between two approaches.
Introduction
The development of effective computational methods for systems with a large number of degrees of freedom (d. o. f.) is the one of primary targets of the modern theoretical physics. Conventionally, one uses Monte Carlo simulations to handle the computational complexity, rising with a growth of the number of particles, lattice sites, etc. However, the Monte Carlo method has two important limitations. First, the computations with an infinite amount of d. o. f. (what is equivalent to an infinite volume limit for lattice models) are accessible only as results of an extrapolation procedure. Second, Monte Carlo simulations are based on the probabilistic interpretations of the Boltzmann weight and, therefore, are not applicable to systems, described by complex actions. In the current work, we continue studying the convergent series (CS) method [1, 2, 3] , which provides new possible ways for bypassing the sign problem [4] and for accessing the direct computations in the infinite volume limit, focusing on the numerical investigation of the latter issue.
The divergence of the standard perturbation theory (SPT) is caused by the incorrect interchange of the summation and integration due to the inaccurate account of large fluctuations of fields. In another words, the exponent of the polynomial interaction expanded into the Taylor series grows to fast at large fields with respect to the Gaussian initial approximation. Within the framework of CS the later problem is treated by choosing a non-standard interacting initial approximation, providing a sufficient decay for competing with a growth of the expanded part of the Boltzmann weight. Initially, the convergent series method was proposed for the quantum anharmonic oscillator and scalar field theories [1, 2, 11, 12] . Later, different aspects of the method, including RG-analysis and strong coupling expansion, were developed in [13, 14, 15, 16] . In all these earlier constructions the applicability of the dimensional regularization [17] to handle the limit of the infinite number of degrees of freedom was assumed. However, it is possible that the dimensional regularization affects the main underlying principles of the CS method and, thus, a rigorous mathematical proof of the series convergence for the systems with an infinite amount of d. o. f. is still missing.
In recent works [18, 3, 4] the convergent series for the real and certain complex action models defined on finite lattices was constructed in a rigorous way. It was shown there that a procedure similar to applying the dimensional regularization in the continuous case can be interpreted as an additional re-summation procedure accelerating the series convergence.
In this paper we describe in details the problems related to the utilization of the dimensional regularization and then numerically investigate the applicability of the CS method to infinite systems without referring to the dimensional regularization. For this we consider the φ 4 -lattice model on the infinite lattice in one and two dimensions.
Convergent series method and perturbative applicability of the dimensional regularization
We start by describing the main steps of the convergent series construction and by specifying problems related to the utilization of the dimensional regularization. For this purpose we consider a partition function of the φ 4 -model in the Euclidean space
with Z 0 being a partition function of the free theory and the action given by
where D is the dimension of space, m is the mass, λ is the coupling constant.
To be more precise, for a moment we restrict our self to the case D = 1 (such choice leads to the absence of the UV-divergences and the application of the dimensional regularization become necessary only due to the needs of the CS construction).
The main idea of the CS method is to generate an absolutely convergent series by expanding the integrand into the series with positive terms only. Then, the interchange of the summation and integration cannot affect the absolute convergence and if the initial quantity was finite, the series must converge. To implement this strategy within the CS method, one chooses a non-standard initial approximation given by a non-local action of the form
where
is the quadratic part of the action (2). Then, Sobolev's inequalities guarantee the existence of the parameter σ and provide its optimal value [19] such that
where the interaction part of the action is defined as
Splitting the action into the non-perturbed and perturbation parts as
whereâ is the formal parameter of the expansion and for computations one has to takeâ = 1. When the inequality (5) is satisfied, the expressionâ
k ≥ 0 and one can interchange the summation and integration
Indeed,
and the convergence of the series is guaranteed by the assumption Z < ∞.
The computation of terms in (7) can be done by several equivalent ways facing similar difficulties requiring the utilization of the dimensional regularization, here we follow [12] . The equation (7) can be exactly rewritten as
The next step is the interchange of integrations over the axillary variable t and field φ. It can be justified only for systems with a finite amount of degrees of freedom, i.e. when instead of the initial path integral one deals with a finite dimensional integral. In case of the field theory, the interchange of integrations and the consequent rescaling of variables, φ → tφ, requires the dimensional regularization. Nevertheless, we write
indicating by the sign ' ' a non-strict equality and denoting the infinite number of degrees of freedom appearing from the rescaling of the measure by V = dx. The dimensional regularization prescribes V = 0 and from the first look its application seems reasonable, at least, it is a common tool in the quantum field theory and at this step it does not violate the main principle of the CS method: the positivity of the series terms. However, we keep 'V ' in formulas for clarifying the problems showing up later on. All the steps carried out for the φ 4 -model and leading to (10) can be repeated for any correlation function of the free theory with the Gaussian action
Then, applying (11) , each term in the double sum (10) can be rewritten as a moment of a Gaussian distribution, i.e. the convergent series is expressed as a re-summation of the standard perturbation theory
The only problem of (12) is the explicit dependence on V . Even in the dimensions where the UV-renormalization is not needed, the formulation (12) requires regularization. In [3] we have proved the existence of an internal perturbative symmetry of the CS-method allowing the change of V to V + τ in the formula (12) for an arbitrary τ . Namely, the perturbative expansions of (12) with V and of (12) with V + τ coincide. Consequently, the utilization of the dimensional is correct at least perturbatively up to all loops. At the same time, any modification of the true infinite value of V changes the relevant weight of different It is hard (or may be impossible) to demonstrate such effect on the quantum field theory example, however one can show the possibility of such situation referring to the finite dimensional case. In the following example the positivity of the CS terms is affected by choosing, for instance, τ = −1 or τ = − Consider an one-dimensional integral
the fastest convergence of CS corresponding to this integral can be achieved by choosing σ = λ 6m 4 . Then, the whole value of the integral I is given by the zero CS approximation (it coincides with the integral) and all other corrections are zero. However, the integral I can be still formally written as (12)
When τ = 0, the zero term coincides with I and all corrections are zero, the latter happens due to the fact that all integrands in this case are effectively proportional to (σ(
When τ = 0, the ratio between terms in brackets (...)
k is destabilized and they can become negative. This is indeed the case for the integral (14) . We present the dependence of I on τ and on the number of CS coefficients taken into account in Fig. 1 . The decrease of the curves at τ < 0 indicates the presence of negative terms in CS.
Despite that in the considered example the CS terms lose their positivity due to the change of τ = 0 to τ = −1, one can note that the series nevertheless converges to the correct answer. In the work [3] it is explained through the Table 1 : The SPT coefficients obtained on the infinite lattice are saturated by the SPT coefficients on the finite lattices with increasing of the lattice size V , n is the order of the perturbation theory.
additional regularization of the form (15) is valid, i.e. there is always such γ * , that I(γ * ) approximates I(γ) with an arbitrary precision. At the same time, the application of the CS method for computing I(γ > 0) generates the convergent series even at τ = 0, as can be proved by considering the large order asymptotic of the perturbative re-expansion of the CS representation for I(γ > 0). The latter property of CS we call non-perturbative invariance with respect to shifts in τ .
In case of the infinite dimensional integrals the γ-regularization (15), (16) is not valid, since the models with local and non-local actions scales differently at V → ∞. Nevertheless, note that the failure of the regularization (15), (16) prohibits the proof from [3] for infinite volumes, but does not necessary imply the inapplicability of the CS method.
At the same time the coefficients of the standard perturbation theory do not change drastically going from the system for instance with V = 64 to the systems with an infinite number of degrees of freedom, see the Table 2 , similar saturation is frequently valid for the results of the Monte Carlo simulations. Consequently in a region of parameters where both mentioned conditions are satisfied, the CS method should produce reasonable results. Motivated by such possibility we study the one of the simplest infinite systems, the φ 4 -model defined on the one and two-dimensional infinite lattices.
Convergent series for the lattice φ 4 -model
The discretized version of the action (2) is given by
µ (2φ(na) − φ(na + µa) − φ(na − µa)), n is a D-dimensional integer vector, µ is a unit vector directed along the µ-axis. This action leads to the standard perturbation theory with four-valent vertices and a bare propagator given by
The CS expression for the two-point function of the φ 4 -model on the lattice of the size V is derived in a complete analogy to (12) 
where f k are the coefficients of the standard perturbation theory, i.e. ϕ n ϕ m λ ∼ ∞ k=0 f k (n, m)λ k and σ is the parameter of the new initial approximation, we choose it to be
what corresponds to the minimal σ satisfying the inequality (5). We apply (19) to the limiting case V + τ = 0, V → ∞ and compare the results with corresponding extrapolations of the path integral Monte Carlo (PIMC) simulations data and the Borel re-summation of the standard perturbation theory.
Results
On the Fig. 2 we present the ϕ 2 n -operator of the one-dimensional lattice φ 4 depending on the number of computed terms of the standard perturbation theory at three reference values of the coupling constant, λ = 0.1, λ = 1, λ = 10. On all plots the CS method exhibits faster convergence to the extrapolated Monte Carlo answer than the Borel re-summation procedure (for the details of the PIMC computations and Borel re-summation see Appendix A). In Fig.  3 we show the value of the ϕ 2 n -operator depending on the coupling constant computed with the sixth order of the CS and Borel series, treating extrapolation of the PIMC computations as a reference correct answer. The CS method demonstrates better precision at large values of the coupling constant than Borel re-summation.
The consideration of the two-dimensional infinite lattice demonstrates similar results. On the Fig. 4 we present the results for the ϕ 2 n -operator depending on the number of computed terms of the standard perturbation theory at λ = 0.1, λ = 1, λ = 10. In Fig. 5 we show the value of the ϕ 2 n -operator depending on the coupling constant.
Concluding remarks
Considering φ 4 -model on the one and two-dimensional infinite latices, we have provided numerical evidence of the robustness of the CS method for infinite lattice models. The correctness of the CS method for the finite lattices [3] , the results of the presented computations in the current paper and the analysis of the Table 2 allows one to propose an heuristic criteria of the CS applicability to models defined on infinite lattices. More precisely, the convergence of the standard perturbative coefficients of finite lattice models with an increase of the lattice size to coefficients of the corresponding infinite lattice model together with the fast convergence of the CS method for finite lattice models should guarantee applicability of CS directly in the limit V = ∞.
The amount of Feynman diagrams grows factorially with an order of the standard perturbation theory. At finite lattice volumes, an evaluation of each diagram involves the multiplication of 4 bare-propagator matrices of the size V × V per vertex. All these leads to the enormously long computations. It is hard to decrease the amount of Feynman diagrams, however by turning to the computations in the infinite volume limit, one substitute tedious matrix multiplications by numerical integrations, which can be performed with a Monte Carlo technique. The later fact sufficiently simplifies all calculations within the convergent series method.
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A A.1 Borel re-summation
To perform the Borel re-summation procedure, we use the conformal mapping [20] for the analytic continuation in the Borel plane. The conformal mapping can be done if the parameter a from the asymptotic of the high orders of the perturbation theory, is known. We estimate a using the values presented in [21] for the continuous one-and two-dimensional φ 4 -model 
A.2 PIMC
To approach the infinite volume results using the PIMC method we analyze lattices of diferent sizes, see Fig. 6 and 7. We assume that the infinite volume limit is achieved at the lattices with the volume V = 10000 in the one dimensional case and V = 64 × 64 in two dimensions. 
